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Random quasi-phase-matching �RQPM� of the second-harmonic generation process is investigated experi-
mentally and theoretically in a strongly randomized spontaneously grown nonlinear photonic crystal structure
of strontium tetraborate. The thickness of domains in the structure is measured and employed in calculations of
angular and spectral dependences of random quasi-phase-matching. Despite the great scale of randomness, the
RQPM effect is preserved. The calculated enhancement factor due to RQPM is in excellent agreement with
experiment, and good agreement between calculations and experiment is obtained for the shape of the angular
dependence of RQPM. The calculated spectral dependence of RQPM consists of a number of narrow peaks,
and a maximum enhancement factor is attained in the near ultraviolet. The band structure of randomized
nonlinear photonic crystal is calculated.
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Nonlinear optical media with spatially modulated suscep-
tibility of second order have been known to increase the
outcome of nonlinear optical processes since 1962 �1�.
Berger �2� suggested classifying these media as nonlinear
photonic crystals in analogy with linear photonic crystals
that possess spatial modulation of the linear refractive index.
Tailored periodically poled nonlinear crystal superlattices
�NCSs� open up possibilities in the generation of entangled
photon states �3,4�. A special case of NCSs is random non-
linear media with quasiperiodical modulation of nonlinear
susceptibility. These media exhibit the phenomenon of ran-
dom quasi-phase-matching �RQPM� �5,6�. A nonlinearly op-
tically generated wave in randomized NCSs does not oscil-
late between zero and the maximum attained at the
coherence length, but generally speaking, its intensity lin-
early increases with the length of the NCSs �7�. Modeling of
random nonlinear media may give certain randomized struc-
tures with nearly zero outcome due to the destructive inter-
ference between radiation generated by all oppositely poled
domains. However, under certain restrictions applied to the
degree of randomness, the average over a sufficiently large
number of possible random geometries gives a gradual in-
crease of the outcome intensity with the number of domains.
In other representations, the spectrum of reciprocal superlat-
tice vectors �RSVs� must contain a vector with a length suit-
able to compensate for the wave-vector mismatch �8�. Non-
linear optical studies of NCSs can reveal the degree of

quasiperiodicity and examine the RSV spectrum �8–10�.
Along with collinear nonlinear processes, NCSs demonstrate
also noncollinear phase-matched conversion of radiation
�see, e.g., �11� for strontium barium nobiate �SBN� crystal,
�12� for rubidium dihydrophosphate �RDP�, �10� for stron-
tium tetraborate �SBO�, and �13� for lithium niobate; earlier
references concerning nonlinear diffraction can be found in
�10��.

Materials commonly used for experiments with alternate
oppositely poled nonlinear crystals are either ferroelectrics
with the desired geometry of domains produced with a suit-
able poling procedure or polycrystalline samples with a ran-
dom orientation of grains. A recent study revealed the exis-
tence of alternate oppositely poled domains in SBO �10,14�.
SBO possesses transparency in the vacuum ultraviolet that
enabled nonlinear optical generation of radiation at a wave-
length as short as 125 nm �15�. However, birefringence of
SBO is too small to achieve angular phase matching. Pres-
ently this crystal is not known to be a ferroelectric, and the
mechanism of formation of alternate oppositely poled do-
main structures is unclear. The procedure for the production
of regular domain structure is not developed. As-grown do-
main structures in SBO are shown to be well ordered along
the directions of the b and c crystallographic axes, but they
are highly randomized along the direction of the a axis. Do-
mains have the form of sheets with domain walls perpen-
dicular to the a axis. This geometry of domains is identical to
potassium titanyl phosphate crystal, which belongs to the
same point symmetry group mm2 as SBO. Evidently, these
domain structures must exhibit the RQPM effect. In the
present study we report SHG enhancement due to RQPM in*aleksandrovsky@kirensky.ru
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SBO and demonstrate good agreement of experimental re-
sults with calculations based on the model outlined in �7�.

When the geometry of a certain randomized domain struc-
ture dictates destructive interference of radiation from all do-
mains, this interference condition must not be simulta-
neously fulfilled for all wavelengths of fundamental radiation
and for all directions inside the crystal. When the fundamen-
tal wave propagates at nonzero angle to the domain walls,
the RSV spectrum in a coordinate system of light beams
experiences a shift and stretching. At certain angles RQPM
conditions may become more favorable. For any real geom-
etry the effect can be calculated using the approach devel-
oped in �6,7�. In the plane-wave approximation the ampli-
tude of the generated field is a sum of those generated by
separate domains, with account of the phase acquired while
propagating to the detection plane. The formula modified for
our case looks like

E2� = �
n=1

N � 2�2�n
�2�

k2���int��k��int�
E�

2�exp�i�k��int�
dn

cos��int�
	 − 1


�exp�i�k��int� �
r=n+1

N
dr

cos��int�
	� , �1�

where dn is the thickness of the nth domain, �n
�2�

= �−1�n���2�� accounts for the opposite sign of nonlinear sus-
ceptibility in alternate oppositely poled domains, N is the full
number of domains, �int is internal angle of propagation, and
�k��int� is the wave-vector mismatch with account of the
anisotropy of the refraction index. This formula is easily ob-
tainable from those used in �6,7� via the change of domain
thickness in the direction perpendicular to the domain walls
by the path length of the light propagating at the internal
incidence angle �int onto the domain wall. For the domain-
structured crystal with spatial homogeneity of the linear re-
fraction index the correction for reflections and angular de-
pendence of refractive indices and effective nonlinear
susceptibility can be done using an envelope function for the
crystals belonging to the mm2 point group derived in �16�.
The crystal sample used in the experiment had dimensions of
5 mm along the a axis, 11 mm along the b axis, and 9 mm
along the c axis �according to commonly used nonstandard
space-group classification of SBO as Pnm21�. The domain
structure was revealed by etching and geometrically charac-
terized via optical microscopy. A part of the domain structure
is presented in Fig. 1. This is the only place in the crystal
where a part of the domains disappears on the �001� facet.
All the rest of the domains protrude from one to another edge
of the sample. The overall thickness of the domain structure
is 2 mm. The structure contains 262 domains with thickness
from tens to tenths of �m. The mean value of the domain
thickness is 8 �m, while the overall standard deviation is
4 �m. The thickness of domains in accordance with their
position in the structure is presented in the inset of Fig. 2.
Domains with thickness smaller than 0.5 �m could not be
definitely identified and measured via optical microscopy.
The domain structure observed in the sample for investiga-
tion is rather typical for crystal growth of SBO. Our structure
is randomized much more strongly than structures generated
in numerical calculations �7�. Subtracting an even number of
coherence lengths from the thickness of large domains can
formally reduce it for further calculations. However, this re-
duction can be done only for fixed wavelength and angle.
The single-crystalline part of the sample that does not con-
tain domains can be ignored in calculations in the case where
the enhancement factor due to RQPM is large enough, be-

FIG. 1. �Color online� Photo of a part of the domain structure on
the �001� surface of strontium tetraborate crystal after etching.

FIG. 2. Density of domains as a function of domain size in the
sample of SBO crystal under study. Inset: the thickness of domains
as the function of domain number.

FIG. 3. Angular dependence of second-harmonic generation due
to RQPM. Inset: Maker fringes in a single-domain sample of SBO.
Both vertical scales are normalized to the maximum signal of
Maker fringes.
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cause Maker fringes produced by it must have a much
smaller oscillation amplitude. Refractive indices for calcula-
tion are taken from �17�. The linear optical homogeneity of
the sample was verified via linear diffraction of helium neon
laser radiation propagating along the b-axis direction. No
signs of linear diffraction were detected, which means that
the refractive index of neighbor domains is just the same and
domain walls are very thin for SBO. The fundamental wave
was the frequency-doubled Nd:YAG radiation at 532 nm
with pulse energy up to 3 mJ and pulse duration 15 ns. Di-
vergence of the beam was 3 mrad. Radiation propagated in
the ab plane of the crystal so that zero angle corresponds to
the direction of the a axis. Polarization of the fundamental
wave was along the c axis, so that the maximal component of
the nonlinear susceptibility d33 was employed. The rotation
axis coincided with the c axis of the crystal. For these con-
ditions �k��� in �1� becomes independent of �. The gener-
ated second harmonic at 266 nm was filtered with a mono-
chromator and detected with a Hamamatsu H5773
photomultiplier module. Polarization of 266 nm radiation
was verified to coincide with the c axis. Figure 3 depicts the
angular dependence of RQPM. A theoretical curve calculated
using �1� is fitted to experimental points by adjusting the
value of �k. The calculated curve is very sensitive to the
variation of �k in the range of 0.1%. The best fit is obtained
for �k=1.0035�kcalc. The coincidence between experiment
and theory is rather satisfactory up to external incidence
angles of order 20°. The slight misfit in the angular position
of the first maximum must be attributed to a small deviation
of the observed etched domain pattern from the real domain
structure. The role of the uncertainty in the domain thickness
measurement increases at larger angles and leads to a larger
discrepancy in the range above 20°.

Nonlinear diffraction, generally speaking, can have a cer-
tain contribution to the dependence depicted in Fig. 3. When
the fundamental wave propagates at a small angle to the
direction of RSV, a noncollinear interaction that involves
RSV must result in the generation of an additional second-
harmonic wave �18� that does not coincide with the direction
of the RQPM second-harmonic wave. We checked the posi-
tion of the 266-nm spot with respect to the 532-nm radiation
spot and found that the former is slightly shifted to a direc-
tion opposite to the rotation direction. However, this shift is
fairly explained by the difference of refractive indices that
must affect the directions of the harmonic and fundamental

after refraction of two collinear waves on the exit facet of the
crystal. On the other hand, RSV values contributing to non-
linear diffraction are larger than the value K0 necessary for
QPM in the direction of the a axis, while in the case of
RQPM rotating the crystal off zero incidence angle leads to
employing RSV values smaller than K0. In view of this, for
domain structures with necessary statistics and most prob-
able domain size larger than the coherence length one must
expect that the contribution of RQPM will be larger than the
contribution from nonlinear diffraction. For our domain
structure the domain histogram is not smooth and the statis-
tics is not large enough, and these considerations cannot be
straightly applied to it. Examination of the calculated RSV
spectrum of the domain structure indicates that there is a
decrease of the Fourier amplitude for RSV values corre-
sponding to domain thicknesses lower than the coherence
length �in the range from 2.5 to 2.48 �m�. However, the an-
gular dependence cannot be explained by the RSV spectrum
in the area above the coherence length. So the final piece of
evidence for domination of RQPM is the fair agreement of
experiment and calculation in Fig. 3.

The enhancement factor due to RQPM was measured by
comparing the intensity at 266 nm from a domain-structured
sample and from a 432-�m-thick �171 coherence lengths�
reference single-domain sample of the same orientation. The
latter exhibited standard Maker fringes as shown in the inset
of Fig. 3. The amplitude of the central maximum of Maker
fringes does not depend on the thickness of the reference

FIG. 4. Calculated spectral dependence of the second harmonic
due to RQPM as a function of fundamental wavelength.

(a)

(b)

FIG. 5. �Color online� Band structure of randomized nonlinear
photonic crystal sample under study �a� in the region of highest
generated intensity and �b� in the vicinity of the fundamental
532 nm wavelength �calculated wave mismatch used�.
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sample, but is determined by the intensity generated at one
coherence length, so the reference sample thickness must not
be equal to the thickness of the nonlinear photonic crystal
sample. The ratio of 266 nm power from the domain struc-
ture in the second maximum at 10° to the 0° maximum of the
Maker fringes pattern from a single-domain sample corrected
by the ratio of envelope function values at corresponding
angles gives a RQPM enhancement factor FRQPM =501. Our
calculations predict the value of FRQPM =500. Since the co-
herence length for our conversion scheme is 2.526 �m and
the average value of the domain thickness is 8 �m, it is clear
that FRQPM can be even more enhanced if the structure with
smaller domains could be grown. The spectral dependence of
second-harmonic intensity as a function of fundamental
wavelength was calculated for the sample under investiga-
tion using �1� and is presented in Fig. 4. It consists of a
number of peaks from near infrared to near ultraviolet. Maxi-
mum second-harmonic power due to RQPM is expected for
the fundamental wave in the near infrared, while maximum
enhancement factors are attained for the fundamental wave
in the near UV. For doubling of 355 nm radiation the calcu-
lated enhancement factor for the sample under study is 2700
and the bandwidth of the peak at this wavelength is of order
of 100 GHz. In analogy with the concept of the band struc-
ture of linear photonic crystal, the band structure of nonlin-
ear photonic crystal can be introduced. It can be composed
from a combination of angular and spectral dependences of
nonlinearly generated radiation. For linear photonic crystal
the band structure is plotted in coordinates ��, k� and depicts
the separation of the coordinate plane into areas with real and

complex effective propagation vector. For nonlinear photonic
crystal it is whether the same coordinates or natural coordi-
nates like ��, �ext� can be used. Figure 5 depicts the band
structure for the randomized nonlinear photonic crystal
sample studied in our paper in the latter �natural� coordi-
nates. This band structure depicts the areas of efficient non-
linear generation in a nonlinear photonic crystal, the effi-
ciency being plotted along the vertical axis. The band
structure plot of the randomized nonlinear photonic crystal
can be useful in the fitting of angular dependences of RQPM.
Note that the band positions in nonlinear photonic crystal
experience a rotational redshift �Fig. 5�, while the band po-
sitions in randomized linear photonic crystal with nonlinear
layers experience a blueshift �19�. This difference can be
easily explained. Really, band positions in linear photonic
crystal are determined by the variation of phase of the inter-
fering reflected beams—namely, kd cos��ext� �20�. As
cos��ext� decreases, one must decrease the wavelength to
keep the localized mode of the fundamental radiation at the
same intensity and to preserve the intensity of the generated
wave. In the case of randomized nonlinear photonic crystal
one must keep the constant value of

�k��int�
cos��int�

in order to follow
the position of the band maximum. Hence, a decrease of
cos��int� must be compensated by an increase of wavelength.
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